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The topological phase transition is theoretically studied in a metallic single-wall carbon nanotube
(SWNT) by applying a magnetic field B parallel to the tube. The Z topological invariant, winding
number, is changed discontinuously when a small band gap is closed at a critical value ofB, which can
be observed as a change in the number of edge states owing to the bulk-edge correspondence. This
is confirmed by numerical calculations for finite SWNTs of ∼ 1µm length, using a one-dimensional
lattice model to effectively describe the mixing between σ and pi orbitals and spin-orbit interaction,
which are relevant to the formation of the band gap in metallic SWNTs.
Introduction—The single-wall carbon nanotube (SWNT)
is a unique one-dimensional (1D) system, made by rolling
up a graphene sheet which possesses two Dirac cones at
K and K ′ points. Its helical structure is specified by the
chiral vector, Ch = na1 + ma2 ≡ (n,m), where a1 and
a2 are the primitive lattice vectors of graphene shown
in Fig. 1(a) [1]. The SWNT is a metal (semiconductor)
for mod (2n + m, 3) = 0 (6= 0) because some wavevec-
tors discretized in the circumference direction pass (do
not pass) through the Dirac points when they are ex-
pressed in the two-dimensional (2D) wavevector space of
graphene as so-called cutting lines. Even in a metallic
SWNT, a small energy gap is opened between the con-
duction and valence bands by the mixing between σ and
pi orbitals owing to a finite curvature of the tube surface
[2–4]. The curvature also enlarges the spin-orbit (SO)
interaction [5].
The SWNT can be regarded as a 1D topological in-
sulator because of the sublattice symmetry for A and B
lattice sites [6]. It is characterized by a Z topological in-
variant, i.e., winding number, in both the absence (class
BDI) and presence (AIII) of a magnetic field [7, 8]. The
winding number was examined by two of the present au-
thors for semiconductor SWNTs where neither σ-pi mix-
ing nor SO interaction is relevant to the energy gap [9].
It is related to the number of edge states in finite SWNTs
with a suitable boundary condition by the bulk-edge cor-
respondence.
In this work, we investigate a topological phase tran-
sition in metallic SWNTs by applying a magnetic field
B parallel to the tubes. The small band gap Eg =
0.1− 10 meV at B = 0 is closed at the critical magnetic
field B∗ = 1−10 T, where the winding number is changed
discontinuously. This topological phase transition can be
observed as different numbers of edge states at B < B∗
and B > B∗, e.g., using scanning tunneling spectroscopy
[10]. Although a similar phase transition might be pos-
sible in semiconductor SWNTs with Eg ∼ 1 eV [11], it
would require an unrealistic field of B∗ ∼ 103 T.
Previously, some groups theoretically proposed that
the magnetic field B changes the number of edge states
in metallic SWNTs of zigzag type, without the consider-
(a) (b)
FIG. 1. (a) Primitive lattice vectors of graphene, a1 and a2, and
mapping of (n,m)-SWNT to the graphene sheet. The chiral vec-
tor, Ch = na1+ma2, indicates the circumference of the tube. The
three vectors ∆
(1)
j (j = 1, 2, 3) connect the nearest-neighbor atoms,
whereas the six vectors ∆
(2)
j (j = 1, 2, · · · , 6) connect the second
nearest-neighbor atoms. The rotational symmetry Cd around the
tube axis (helical symmetry) corresponds to the translational sym-
metry of Ch/d (R = pa1+qa2), where d = gcd(n,m), and p and q
are integers satisfying mp−nq = d [18]. This figure shows the case
of (n,m) = (6, 3) with d = 3, p = 1, and q = 0. (b) An effective
1D lattice model in which A and B atoms are aligned in the axial
direction. The distant hoppings ∆`
(i)
j with phase factor ∆ν
(i)
j of
Hµ,s in Eq. (5) are determined from ∆
(i)
j = ∆`
(i)
j R+ ∆ν
(i)
j (Ch/d)
[19].
ation of topology [12, 13]. Here, we examine the winding
number and edge states in metallic SWNTs of general
types. For this purpose, we make a 1D lattice model to
effectively describe the σ-pi mixing and SO interaction,
which are relevant to the formation of a small band gap,
as an extension of the effective model proposed in Ref.
[9]. Our model is applicable to the metallic SWNTs of
length LNT = a few µm, which enables the calculation of
edge states with a decay length of 102 − 103 nm. This is
advantageous compared with a tight-binding model with
all σ and pi orbitals at each carbon atom [14], which can
be used for LNT . 102 nm by moderate computers.
1D lattice model—We construct an effective 1D lattice
model for electrons around the Fermi level EF in a metal-
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2lic SWNT, starting from the Hamiltonian of k · p theory
in the continuum limit [15]. For (n,m)-SWNT, the di-
ameter is given by dt = |Ch|/pi = a
√
n2 + nm+m2/pi
with the lattice constant a = 0.246 nm in graphene. The
chiral angle θ is defined as the angle between Ch and a1.
For 0 ≤ m ≤ n, 0 ≤ θ ≤ pi/6 with θ = 0 and pi/6 for types
of zigzag and armchair, respectively. In a magnetic field
B in the axial direction, the Hamiltonian in the vicinity
of K and K ′ points reads
Hs,τ (k) = ~vF
[(
kc − τ∆kc − s∆kso −∆kφ
)
σˆx
+ τ
(
kz − τ∆kz
)
σˆy
]
+
(
sτso +
1
2gs µBBs
)
1ˆ,
(1)
where σˆx, σˆy, and 1ˆ are the Pauli matrices and identity
operator, respectively, in the sublattice space of σ = A
or B. s = ±1 is the spin in the axial direction, whereas
τ = ±1 is the pseudo-spin to represent theK orK ′ valley.
vF = 8.32 × 105 m/s is the Fermi velocity and gs ' 2 is
the spin g-factor. kc and kz are the circumference and
axial components of wavenumber measured from K or K ′
points, respectively: kc is discretized in units of 2pi/|Ch|
while kz is continuous.
In Hs,τ (k), the hybridization between pi and σ orbitals
results in the shift of Dirac points from K or K ′ points,
∆kc = β
′ cos 3θ
d2t
, ∆kz = ζ
sin 3θ
d2t
, (2)
with β′ = 0.0436 nm and ζ = −0.185 nm. ∆kc opens a
small gap Eg between the conduction and valence bands
around K and K ′ points, except θ = pi/6 (armchair).
The curvature-enhanced SO interaction yields
∆kso = α
′
1Vso
1
dt
, so = α2Vso
cos 3θ
dt
, (3)
with α′1 = 8.8×10−5 meV−1 and α2 = −0.045 nm. Vso =
6 meV is the SO interaction for 2p orbitals in carbon
atom. ∆kso gives a correction to Eg. The Aharonov-
Bohm (AB) phase by magnetic field B appears as
∆kφ = −eB
4~
dt. (4)
The band gap is closed at B∗ when τ∆kc+s∆kso+∆kφ =
0. The last term in Hs,τ (k) yields the energy shift from
EF = 0, which is assumed to be small compared with the
band gap except in the vicinity of B = B∗.
We construct a 2D lattice model to reproduce Hs,τ (k)
around the Dirac points [16]. The model involves the
hoppings not only to the first nearest-neighbor atoms but
also to the second ones. The former connects A and B
atoms, which are depicted by three vectors ∆
(1)
j (j =
1, 2, 3) in Fig. 1(a), whereas the latter connects the same
species indicated by six vectors ∆
(2)
j (j = 1, 2, · · · , 6).
Finally, the effective 1D lattice model is derived from
the 2D lattice model, along the lines of Ref. [9], to uti-
lize the helical-angular construction [17]. (n,m)-SWNT
has the d-fold symmetry around the tube axis, where
d = gcd(n,m) is the greatest common divisor of n and
m. It also has the helical symmetry with translation
az =
√
3da2/(2pidt) along the tube axis with a rotation
around it [see Fig. 1(a)]. Thanks to these symmetries,
the Hamiltonian is block-diagonalized into the subspace
of orbital angular momentum µ = 0, 1, 2, . . . , d − 1 and
spin s = ±1, as H = ∑d−1µ=0∑s=±Hµ,s,
Hµ,s =
∑
σ,`
1
2
gs µBBs c
µ,s †
σ,` c
µ,s
σ,`
+
∑
`
3∑
j=1
(
γ
(1)
s,j e
i2piµ∆ν
(1)
j /dcµ,s †A,` c
µ,s
B,`+∆`
(1)
j
+ h.c.
)
+
∑
σ,`
3∑
j=1
(
γ
(2)
s,j e
i2piµ∆ν
(2)
j /dcµ,s †σ,` c
µ,s
σ,`+∆`
(2)
j
+ h.c.
)
.
(5)
This is a 1D lattice model in which A and B atoms are
aligned in the axial direction with the lattice constant
az. c
µ,s
σ,` is the field operator of an electron with angular
momentum µ and spin s at atom σ of site index `. The
hopping to the first [second] nearest-neighbor atoms in
Fig. 1(a) gives rise to the hopping to the sites separated
by ∆`
(1)
j [∆`
(2)
j ] with phase factor ∆ν
(1)
j [∆ν
(2)
j ], as il-
lustrated in Fig. 1(b). The hopping integral γ
(1)
s,j is given
by
γ
(1)
s,j = γ
[
exp
(
−i∆kφaCC cosφ(1)j
)
+ ∆kcaCC sinφ
(1)
j
− (∆kz + is∆kso)aCC cosφ(1)j
]
, (6)
where φ
(1)
j = θ − (5pi/6) + (2pi/3)j is the angle between
∆
(1)
j and Ch, aCC = a/
√
3 is the interatomic distance,
and γ = −2~vF/aCC. γ(2)s,j stems from the SO interaction
as
γ
(2)
s,j = i
(−1)j+1
3
√
3
sso. (7)
For the bulk states, the Fourier transformation of Hµ,s
yields a subband labeled by µ and s in the first Brillouin
zone, −pi/az ≤ k < pi/az. It is expressed as
µ,s(k) = 
(0)
µ,s(k)±
∣∣fµ,s(k)∣∣, (8)
(0)µ,s(k) =
2sso
3
√
3
3∑
j=1
(−1)j sin
(
2piµ∆ν
(2)
j
d
+ kaz∆`
(2)
j
)
+
1
2
gs µBBs, (9)
3fµ,s(k) =
3∑
j=1
γ
(1)
s,j e
i2piµ∆ν
(1)
j /deikaz∆`
(1)
j . (10)
The system is an insulator when |(0)µ,s(k)| < |fµ,s(k)|
in the whole Brillouin zone. Then positive and neg-
ative µ,s(k) form the conduction and valence bands,
respectively. The edge states are obtained by the di-
agonalization of Hµ,s for a finite system of N` sites
(` = 0, 1, · · ·N` − 1), or length (N` − 1)az.
Our effective 1D lattice model is justified as follows.
First, the bulk states in Eq. (8) coincide with those cal-
culated from the Hamiltonian in Eq. (1) around K and
K ′ points. Second, we compare the bulk and edge states
obtained by our model and those by the tight-binding
model with all σ and pi orbitals [14] for a system of 50
nm [16]. They are in good agreement.
Winding number—The phase of fµ,s(k) in Eq. (10) de-
termines the winding number,
wµ,s =
∫ pi/az
−pi/az
dk
2pi
∂
∂k
arg fµ,s(k), (11)
for subband (µ, s) [6–9]. This is meaningful for an insu-
lator only [20].
The winding number is related to the number of edge
states, Nedge, by the bulk-edge correspondence,
Nedge = 2
d−1∑
µ=0
∑
s=±
|wµ,s|, (12)
when the tube is cut by a broken line in Fig. 1(a) [9]. The
case of the other boundaries is discussed later. Although
the energy levels of edge states are deviated from EF = 0,
they are within the band gap as long as the winding
number is well-defined.
Numerical results—Now we calculate the winding num-
ber and edge states in metallic SWNTs, using the effec-
tive 1D lattice model for finite systems of N` sites.
The metallic SWNTs with mod (2n + m, 3) = 0 are
categorized to metal-1 or metal-2 according to the angu-
lar momenta of the Dirac points when the tube curvature
and SO interaction are disregarded. In general, the sub-
band of µK/K′ = ±mod
[
(2n+m)/3, d
]
passes the K/K ′
point. µK = µK′ = 0 if mod(n −m, 3d) = 0, µK 6= µK′
otherwise. Metal-1 corresponds to the latter while metal-
2 corresponds to the former. The wavenumber at the
Dirac point is given by kK/K′ = ±(2pi/3az) mod(2p +
q, 3), where p and q are integers satisfying mp− nq = d.
[9].
As an example of metal-1, Fig. 2 presents the calcu-
lated results for (15, 12)-SWNT. For d = gcd(15, 12) = 3,
we have six subbands with µ = 0, 1, 2 and s = ±1.
µK = 2 and µK′ = 1 while kK = kK′ = 0. Figure 2(a)
shows the subbands in the whole Brillouin zone when
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FIG. 2. Numerical results for (15, 12)-SWNT. (a) Dispersion rela-
tion of subbands (gray dotted for µ = 0, orange for µ = 1 = µK′ ,
and blue lines for µ = 2 = µK) at magnetic field B = 0. They
are degenerate for spin s = ±1 in this energy scale. (b) Subbands
of (µK , s = +1) and (µK′ , s = +1) in the vicinity of k = 0 at
B = 0, 3.55, and 7.10 T. (c) arg fµ,s(k) in the Brillouin zone for
subbands of (µK , s = +1) and (µK′ , s = +1) at B = 0 and 7.10 T.
(d) Energy eigenvalues within the band gap at B = 0 and their B
dependence for a finite system of LNT = 1 µm. The open and filled
triangles (inverted triangles) correspond to µK and µK′ states, re-
spectively, with s = +1 (−1). Hatched regions indicate the band
gap determined from Eq. (8) [the band gap is absent between B∗s
for (µK , s = +1) and (µK , s = −1)]. (e), (f) Probability amplitude
along the tube axis, |ψσ(z)|2 (σ = A,B), for the upper state of (e)
µK and (f) µK′ with s = +1. The solid and dotted lines indicate
the amplitudes at A and B atoms, respectively. |ψσ(z)|2 is normal-
ized by its maximum value at a sharp peak around an edge (not
seen in this length scale).
B = 0 (they seem spin-degenerate in this energy scale).
A small band gap around kK = kK′ = 0 is given by
Eg = 2.71 ± s 0.32 meV for µK/µK′ and spin s = ±1.
The band gap of subband (µK , s = ±1) is closed at
B = B∗ = 3.55 + s 0.41 T and reopened at B > B∗
while that of (µK′ , s = ±1) is always finite, as shown in
panel (b).
Figure 2(c) depicts arg fµ,s as a function of wavenum-
ber k for µK and µK′ , at B = 0 and 7.10 T. At B = 0,
4the behavior of arg fµ,s is almost the same for µK and
µK′ . They rapidly but continuously change around k = 0
and increase by 2pi as k runs through the whole Brillouin
zone. Hence Eq. (11) yields wµ,s = 1. At 7.10 T, on the
other hand, arg fµ,s behaves differently for µK and µK′ :
wµ,s = 0 for µK and 1 for µK′ . This clearly indicates
a topological phase transition at B = B∗ for subbands
(µK , s = ±1). For subbands (µ = 0, s = ±1), we always
find wµ,s = 0 (not shown).
Accompanied by this phase transition, the number of
edge states changes from 8 to 4 at B = B∗ according
to Eq. (12). Figure 2(d) shows eight energy-eigenvalues
within the band gap at B = 0 and their B dependence.
Four of them (µK , s = ±1) go out of the band gap and
merge into the bulk states in conduction or valence bands
at B > B∗, whereas the others (µK′ , s = ±1) stay within
the band gap.
Four states of µK and s = ±1 are changed from edge
to bulk states. Figure 2(e) depicts the probability am-
plitude of the upper state of µK and s = 1 along the
tube axis. It is localized at the edges (large amplitude at
A sites around an edge and at B sites around the other
edge) at B = 0, whereas it is delocalized through the
tube at B = 7.10 T. The states of µK′ remain localized
at the edges, as shown in Fig. 2(f).
For metal-2, numerical results for (13, 10)-SWNT are
given in Fig. 3. For d = gcd(13, 10) = 1, we have two
subbands of µ = 0 and s = ±1. µK = µK′ = 0 while
kK = −kK′ = −2pi/3. The band gap is given by Eg =
4.36±s 0.37 meV around kK and kK′ at B = 0. The band
gap around kK is closed at B = B
∗ = 6.71 + s 0.57 T
while that around kK′ is always finite [panel (b)].
The winding number changes from two to one at B =
B∗, as seen in the behavior of arg fµ,s in panel (c). This
topological phase transition changes the number of edge
states from 8 to 4: Four of eight states within the band
gap at B = 0 go out of the band gap around B = B∗ and
the rest remain within the band gap, as shown in panel
(d). The former change from edge states to bulk states
around B = B∗, whereas the latter are always edge states
[panels (e) and (f)].
Summary and comments—We have studied the topolog-
ical phase transition in metallic SWNTs by magnetic
field B parallel to the tubes, using an effective 1D lattice
model to describe the mixing between σ and pi orbitals
and spin-orbit interaction. We have demonstrated that
a change in winding number is accompanied by a change
in the number of edge states in (15, 12)- and (13, 10)-
SWNTs, as examples of metal-1 and metal-2, respec-
tively.
Besides these SWNTs, we have examined several
metallic SWNTs of other chiralities. The topological
phase transition takes place in all the SWNTs of metal-1
that we have studied. The phase transition is also com-
monly seen in the case of metal-2 except for SWNTs of
armchair type. In armchair SWNTs, the band gap is
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FIG. 3. Numerical results for (13, 10)-SWNT. (a) Dispersion rela-
tion of subbands (µ = 0, s = ±1) at magnetic field B = 0. They
seem degenerate in this energy scale. A small band gap is opened
around kK = −2pi/3 and kK′ = 2pi/3. (b) Subband (µ = 0,
s = 1) in the vicinity of k = kK and kK′ at B = 0, 6.7, and
13.4 T. (c) arg fµ,s(k) in the Brillouin zone for subband (µ = 0,
s = 1) at B = 0 and 13.4 T. (d) Energy eigenvalues within the
band gap at B = 0 and their B dependence for a finite system of
LNT = 500 nm. The open and filled symbols correspond to K and
K′ valley states, respectively, for which more than 98% probabil-
ity amplitude is distributed within |k − kK/K′ | < 0.01 (2pi/az) in
the wavenumber space. Triangles (inverted triangles) represent the
states with s = +1 (−1). Hatched regions indicate the band gap
determined from Eq. (8) (the band gap is absent between B∗s for
s = +1 and −1). (e), (f) Probability amplitude along the tube
axis, |ψσ(z)|2 (σ = A,B), for the upper state in (e) K and (f) K′
valley with s = +1. The solid and dotted lines indicate the ampli-
tudes at A and B atoms, respectively. |ψσ(z)|2 is normalized by
its maximum value at a sharp peak around an edge (not seen in
this length scale).
opened by the SO interaction only since ∆kc = 0 in Eq.
(2). The closing of the band gap is not accompanied by
the change in winding number in such SWNTs, which
will be explained elsewhere.
A comment should be made on the boundary condi-
tion, which is important for the edge states in 1D topo-
logical insulators. Our numerical calculations have been
5performed for finite systems in which a SWNT is cut
by a broken line in Fig. 1(a) (angular momentum µ is a
good quantum number in this case). This is a “minimal
boundary edge,” where every atom at the ends has just
one dangling bond [21]. The relation in Eq. (12) holds
only for such edges. Some other boundary conditions re-
sult in different numbers of edge states, as discussed in
Ref. [9]. Even in these cases, we find the change in the
number of edge states at the topological phase transi-
tion. We speculate that this statement is true in general
with any boundaries and also in the presence of impuri-
ties inside the bulk. However, this problem would require
further studies. Note that our 1D lattice model is useful
for numerical studies on this problem.
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Derivation of the effective one-dimensional lattice model
First, we derive the effective 2-dimensional (2D) lattice model for a metallic single-wall carbon nanotube (SWNT),
starting from the Hamiltonian of k · p theory in Eq. (1) in the main material. We do not consider a magnetic
field in the axial direction B at the beginning. We split Hamiltonian (1) into two parts, one originates from the
zone-folded graphene and the other includes the effects of finite curvature and spin-orbit (SO) interaction, Hs,τ (k) =
H(0)s,τ (k) +H′s,τ . The matrix elements are given by[H(0)s,τ (k)]AB = χτ~vF(kc − iτkz), (13)[H(0)s,τ (k)]AA = [H(0)s,τ (k)]BB = 0, (14)[H′s,τ ]AB = χτ~vF(−τ∆kc − s∆kso + i∆kz), (15)[H′s,τ ]AA = [H′s,τ ]BB = sτso, (16)
with a phase factor χτ by the gauge degrees of freedom.
[H(0)s,τ (k)]AB is reduced from the tight-binding model of
graphene with the nearest-neighbor hopping,
H(0) =
∑
s,rA
3∑
j=1
(
γc s †rAc
s
rA+∆
(1)
j
+ h.c.
)
, (17)
where rσ is a position of σ atom and c
s
r is the field operator for the atomic orbital at site r with spin s. Indeed
its Fourier transform yields
[H(0)s,τ (k)]AB = γ∑3j=1 ei(τK+k)·∆(1)j ' τeiτθ~vF(kc − iτkz) in the vicinity of K and K ′
points. Here, we choose wavenumbers at K/K ′ points as ±K = ±(2b1 + b2)/3 with b1 and b2 being the reciprocal
lattice vectors conjugate to a1 and a2, respectively. This choice corresponds to χτ = τe
iτθ in Eqs. (13) and (15).
Since the curvature effects are relevant only around K and K ′ points, we extrapolate H′s,τ into the whole wavenumber
space as
H ′ =
∑
s,τ,σ,σ′,k
e−ξ
2(k−τK)2[H′s,τ ]σ,σ′c s †σ,kc sσ′,k. (18)
Here, we have introduced the cut-off parameter ξ; Eq. (18) reproduces Eqs. (15) and (16) for |k − τK| . ξ−1. c sσ,k
is the field operator for a Bloch orbital at σ atom with spin s = ±1. The Fourier transformation into the real space
yields
H ′ =
∑
s,σ,σ′,rσ,rσ′
γ′s,σ,σ′(rσ′ − rσ)c s †rσ c srσ′ , (19)
γ′s,σ,σ′(∆) =
a2e−∆
2/(4ξ2)
2
√
3piξ2
∑
τ
e−iτK·∆
[H′s,τ ]σ,σ′ . (20)
The hopping integral γ′s,σ,σ′(∆) rapidly decreases with |∆|. For the on-site term, we have γ′s,σ,σ(0) = 0. The 1st and
2nd nearest-neighbor terms yield
γ′s,A,B
(
∆
(1)
j
)
= A1 · ~vF
[
−∆kc sinφ(1)j + (∆kz + is∆kso) cosφ(1)j
]
, (21)
γ′s,σ,σ
(
∆
(2)
j
)
= A2 · i(−1)j+1sso, (22)
respectively, with A1 = a
2e−a
2/(12ξ2)/
(√
3piξ2
)
and A2 = a
2e−a
2/(4ξ2)/(2piξ2). We truncate the summation in Eq.
(19) up to the 2nd nearest-neighbor atoms and treat A1 and A2 as independent fitting parameters. By using Eq. (21),
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[H′s,τ ]AB '∑3j=1 γ′s,A,B (∆(1)j ) eiτK·∆(1)j = 32A1 ·χτ~vF(−τ∆kc−s∆kso + i∆kz). We then have A1 = 2/3.
In a similar manner, we obtain A2 = 1/
(
3
√
3
)
. ξ ∼ 0.4 a approximately reproduces A1 and A2 simultaneously.
Next, we consider the magnetic field B. The spin-Zeeman term,
∑
s,σ,rσ
1
2gs µBBs c
s †
rσ c
s
rσ , is added. For the orbital
magnetism, we take into account the Aharonov-Bohm (AB) effect only, neglecting a small deformation of atomic
orbitals. When an electron circulates around the tube axis, it acquires the AB phase 2piBS(−e)/h = −pieBd2t/(4~).
The hopping from a B atom to a nearest A atom corresponds to the rotation of −∆(1)j ·Ch/|Ch|2 = −aCC cosφ(1)j /
(
pidt
)
around the axis. Therefore, we substitute γ → γ exp
(
−i∆kφaCC cosφ(1)j
)
in Eq. (17) with ∆kφ = −eBdt/(4~). Then,
we have
[H(0)s,τ (k)]AB ' χτ~vF(kc −∆kφ − iτkz).
Finally, we obtain the Hamiltonian,
H =
∑
s,σ,rσ
1
2
gs µBBs c
s †
rσ c
s
rσ +
∑
s,rA
3∑
j=1
(
γ
(1)
s,j c
s †
rAc
s
rA+∆
(1)
j
+ h.c.
)
+
∑
s,σ,rσ
3∑
j=1
(
γ
(2)
s,j c
s †
rσ c
s
rσ+∆
(2)
j
+ h.c.
)
. (23)
Note that for B = 0, SWNTs have the C ′2 symmetry. In addition, zigzag and armchair SWNTs have two mirror planes
which include the tube axis and are perpendicular to it. 1) The Hamiltonian in Eq. (5) satisfies these symmetries.
Now we derive the effective 1D model, based on the helical-angular construction. 2) Since (R,Ch/d) is a set of
primitive lattice vectors of graphene, a position of σ atom can be denoted by rσ = rσ(`, ν) = `R+ν(Ch/d)+δσ,B∆
(1)
1
on a 2D plane of graphene, with site index ` and ν = 0, 1, . . . , d − 1. Here, A and B atoms connected by ∆(1)1 have
the same integer coordinates (`, ν). The cutting lines are given by
k = µ
Q1
d
+ k
Q2
2pi/az
, (µ = 0, 1, . . . , d− 1; − pi/az ≤ k < pi/az) (24)
where Q1 = −qb1 + pb2 and Q2 = (m/d)b1 + (n/d)b2 are the reciprocal lattice vectors conjugate to Ch/d and R,
respectively. µ and k are the orbital angular momentum and wavenumber in the axial direction. By performing the
partial Fourier transformation along Q1 direction to a linear combination of atomic orbitals, we obtain eigenstates of
angular momentum,
cs, µσ,` =
1√
d
d−1∑
ν=0
e−i2piµν/dc srσ(ν,`). (25)
Substituting Eq. (25) into Eq. (23), we obtain the 1D lattice model in Eq. (5) in the main material.
Comparison between the effective one-dimensional model and extended tight-binding model
We compare the calculated results for a metallic SWNT by the effective 1D lattice model and extended tight-binding
model (ETB) with all σ and pi orbitals at each carbon atom. 3) In ETB, hopping and overlap integrals are taken
into account between atoms within the distance of 10 aB, where aB is the Bohr radius. Their values are evaluated
by the ab initio calculations. 4) The optimization of atomic positions is also performed. Each dangling bond at the
ends is terminated by a hydrogen atom. Here, we consider (7, 4)-SWNT, which is a metal-2 nanotube with diameter
dt = 0.76 nm. Figure 4(a) shows the energy eigenvalues, i, obtained by the both methods for a tube with length
LNT = 50 nm and minimal boundary edges at both ends. The magnetic field is B = 10 T. Here, i is an index of
energy eigenstates in ascending order, with i = 0 and 1 being the highest occupied molecular orbital (HOMO) and
lowest unoccupied molecular orbital (LUMO), respectively. The origin of energy is chosen so as to (0 + 1)/2 = 0.
Triangles and inverted triangles indicate spin-up (s = +1) and down (s = −1) in the axial direction, respectively.
Precisely speaking, an energy eigenstate is not an eigenstate of electron spin in ETB. However, the probability
amplitude of s = +1 (−1) is more than 99.9999 % in spin-up (-down) states shown in Fig. 4(a). The results by the
two methods are in agreement semiquantitatively. Especially, eight edge states in the energy gap are observed by
the both methods. The effective 1D model overestimates the energy for the valence band electrons. This is because
the overlap integrals are not taking account, which enhances the width of valence band. The spin configuration in
the edge states are partially inconsistent, however these states are almost degenerate. Figures 4(b) and (c) show the
probability amplitude for i = 0 and 5 states, respectively. The shapes of edge state (i = 0) in panel (b) and traveling
mode (i = 5) in panel (c) show good agreement between these calculations, respectively.
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FIG. 4. (a) Energy eigenvalues for (7, 4)-SWNT with length LNT = 50 nm at B = 10 T, calculated by the effective 1D model and ETB.
Triangles (inverted triangles) indicate s = +1 (−1) states. (b), (c) Probability amplitude of (b) i = 0 and (c) 5 states, respectively. The
colored (translucent) symbols indicate the amplitude on A (B) atoms.
